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Abstract
We give some sufficient conditions for preserving of the second term in
the spectral asymptotics of a compact operator under the perturbation of
the metrics in the Hilbert space.
It is well known, see, e.g., [1, Lemma 1.16], that the one-term power-
type spectral asymptotics of a compact operator in the Hilbert space does
not change under compact perturbation of the metrics of the space. The
problem of preserving of the two-term asymptotics is much more sensitive
and complicated. Here we give some sufficient conditions for this. These
results can be applied in the spectral analysis of some integro-differential
operators arising in the theory of Gaussian random processes, see [3].
In what follows we denote by c any absolute constant.
Lemma 1 Let K and B be self-adjoint compact operators in the Hilbert space
H. Suppose that K and I + B are positive. Denote by λn the eigenvalues of
K enumerated in the decreasing order taking into account the multiplicities,
and by hn corresponding normalized eigenfunctions. Finally, suppose that
λn =
(
an+ b+O(n−δ)
)−B
, ‖Bhn‖H ≤ cn
−(1+δ), (1)
as n→∞, where a, B, δ > 0, b ∈ R. Then the eigenvalues λn of generalized
eigenproblem
Khn = λn
(
hn + Bhn
)
(2)
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have the same two-term asymptotics as n→∞:
λn =
(
an + b+O(n−δ)
)−B
. (3)
Proof. We introduce new scalar products in H:
〈h, g〉 := (h+ Bh, g)H.
It is easy to see that corresponding norm |||h||| := 〈h, h〉
1
2 is equivalent to
original one. Denote by H the space H with new scalar product. Then the
sesquilinear form (Kh, g)H generates a compact positive self-adjoint operator
B such that
〈Bh, g〉 = (Kh, g)H, h, g ∈ H,
and the generalized eigenproblem (2) is reduced to the standard eigenproblem
for the operator B in H.
Recall some elementary facts from the theory of spectral measure, see Ch.
5 in [2]. The spectral measure dE(t) associated with B generates the family
of scalar measures
deh(t) := 〈dE(t)h, h〉, h ∈ H.
Moreover, the following obvious formulae hold for arbitrary h ∈ H:
|||h|||2 =
∫
R
deh(t), |||Bh− λh|||
2 =
∫
R
(t− λ)2deh(t).
If we assume that an interval ∆ = (λ − δ, λ + δ) is free of the spectrum
of B then we have for any h ∈ H
|||Bh− λh|||2 =
∫
R\∆
(t− λ)2deh(t) ≥ δ
2
∫
R\∆
deh(t) = δ
2 |||h|||2. (4)
Now we set λ = λn, h = hn. For any g ∈ H we have
|〈Bhn − λnhn, g〉| = |(Khn, g)H − λn(hn + Bhn, g)H|
= λn|(Bhn, g)H| ≤ λn‖Bhn‖H‖g‖H ≤
c1
n1+δ
λn|||g|||,
and therefore
|||Bhn − λnhn||| ≤
c1
n1+δ
λn ≤
c2
n1+δ
λn|||hn|||.
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Comparing this inequality with (4) we see that the interval
∆n =
(
λn(1− c2n
−(1+δ)), λn(1 + c2n
−(1+δ))
)
contains an eigenvalue λ of the generalized eigenproblem (2).
By (1), intervals ∆n and ∆n+1 do not intersect for n sufficiently large.
Repeating previous argument for εB instead of B, ε ∈ [0, 1], we notice that
the eigenvalues depend continuously on ε and conclude that for large n the
interval ∆n contains just λn. This yields (3). 
This result is quite simple but the assumption (1) is very restrictive.
The following theorem gives a “more pointwise” condition which is, however,
globally weaker.
Theorem 1 In Lemma 1, suppose that instead of (1) the following relations
hold:
λn =
(
an + b+O(n−δ)
)−B
, |(Bhn, hm)H| ≤ c(mn)
− 1+δ
2 .
Then (3) also holds.
Proof. First, we notice that we can write B = B+ + B−, where B+ ≥ 0
and B− ≤ 0. By the min-max principle (see, e.g., [1, Appendix 1], we have
λ
+
n ≤ λn ≤ λ
−
n , where λ
±
n are eigenvalues of the problems
Kh+n = λ
+
n
(
h
+
n + B+h
+
n
)
; Kh−n = λ
−
n
(
h
−
n + B−h
−
n
)
.
So, it suffices to consider two cases: positive B and negative B.
1. Let B be positive. Then evidently λn ≤ λn. On the other hand, the
min-max principle gives λn ≥ λ̂n, where λ̂k are the eigenvalues of generalized
(finite-dimensional) eigenproblem
P̂nKP̂nĥk = λ̂k
(
ĥk + P̂nBP̂nĥk
)
,
and P̂n is the orthoprojector onto the span of Ĥn = Span{hk}, k ≤ n.
Let x̂ ∈ Ĥn be the minimizer of the Rayleigh quotient
J(x) =
(Kx, x)H
(x, x)H + (Bx, x)H
(5)
3
over Ĥn. We derive for k < n
0 =
1
2
J ′(x̂; hk) =
(Kx̂, hk)H − J(x̂) ·
(
(x̂, hk)H + (Bx̂, hk)H)
)
(x̂, x̂)H + (Bx̂, x̂)H
.
Therefore,
0 = (λk − J(x̂)) · (x̂, hk)H − J(x̂)(Bx̂, hk)H,
i.e.
(x̂, hk)H =
J(x̂)
λk − J(x̂)
(Bx̂, hk)H. (6)
Since J(hn) ≤ λn, we have J(x̂) ≤ λn. So, for any k < n
âk := |(x̂, hk)H| ≤
λn
λk − λn
n∑
m=1
âm ·
c
(km)
1+δ
2
.
This implies
Â :=
n∑
k=1
âk
k
1+δ
2
≤ Â
n−1∑
k=1
λn
λk − λn
·
c
k1+δ
+
ân
n
1+δ
2
=: ÂĈ+
ân
n
1+δ
2
. (7)
Notice that for k < n
λn
λk − λn
≤ c
(k/n)B
1− (k/n)B
+
c
nmin{1,B}
.
So,
Ĉ ≤
c
n1+δ
n−1∑
k=1
(k/n)B−1−δ
1− (k/n)B
+
c
nmin{1,B}
≤
c
nδ
1− 1
n∫
1
n
tB−1−δ
1− tB
dt+
c
nmin{1,B}
≤
c log(n)
nmin{1,δ,B}
,
and for n sufficiently large (7) gives Â ≤ cânn
− 1+δ
2 .
Now we calculate
J(x̂) ≥
n∑
k=1
λkâ
2
k
n∑
k=1
â2k + c
n∑
k,m=1
âkâm
(km)
1+δ
2
≥ λn(1− cn
−(1+δ)),
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and the statement follows.
2. Let B be negative. Then evidently λn ≥ λn. On the other hand,
the min-max principle gives λn+k−1 ≤ λ˜k, where λ˜k are the eigenvalues of
generalized eigenproblem
P˜nKP˜nh˜k = λ˜k
(
h˜k + P˜nBP˜nh˜k
)
,
and P˜n is the orthoprojector onto H˜n = Span{hn+k−1}, k ≥ 1.
Let x˜ ∈ H˜n be the maximizer of the Rayleigh quotient (5) over H˜n. Just
as in the first part, we obtain (6) for k > n.
Since J(hn) ≥ λn, we have J(x˜) ≥ λn. So, for any k > n
a˜k := |(x˜, hk)H| ≤
λn
λn − λk
∞∑
m=n
a˜m ·
c
(km)
1+δ
2
.
This implies
A˜ :=
∞∑
k=n
a˜k
k
1+δ
2
≤ A˜
∞∑
k=n+1
λn
λn − λk
·
c
k1+δ
+
1
n
1+δ
2
=: A˜C˜+
1
n
1+δ
2
. (8)
Notice that for k > n
λn
λn − λk
≤ c
(k/n)B
(k/n)B − 1
+
c
nmin{1,B}
.
So,
C˜ ≤
c
n1+δ
∞∑
k=n+1
(k/n)B−1−δ
(k/n)B − 1
+
c
nmin{1,B}
≤
c
nδ
∞∫
1+ 1
n
tB−1−δ
tB − 1
dt+
c
nmin{1,B}
≤
c log(n)
nmin{1,δ,B}
,
and for n sufficiently large (8) gives A˜ ≤ cn−
1+δ
2 .
Now we calculate
J(x˜) ≤
∞∑
k=n
λka˜
2
k
∞∑
k=n
a˜2k − c
∞∑
k,m=n
a˜ka˜m
(km)
1+δ
2
≤ λn(1 + cn
−(1+δ)),
and the statement again follows. 
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Remark 2 The results of Lemma 1 and Theorem 1 hold true also in the
case where the eigenvalues of the operator K are organized in two sequences
λ(1)n =
(
(2n− 1)a + b1 +O(n
−δ)
)−B
, λ(2)n =
(
2na+ b2 +O(n
−δ)
)−B
,
as n → ∞. Such asymptotics is preserved under the same assumptions on
the perturbation operator B.
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